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New, Guaranteed Positive Time Update
for the Two-Step Optimal Estimator
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A new time update for the two-step optimal filter is presented. This time update eliminates the occurrence of
low eigenvaluesin the first-step covariance for certain systems. This event left the first-step covariance singular (or
negative definite) and often resulted in an unstable implementation. The new time update is guaranteed positive
definite and significantly improves the performance of the two-step estimator on all systems. The two-step filter
is an alternative to the standard recursive estimators that are applied to nonlinear measurement problems, such
as the extended and iterated extended Kalman filters. It improves the estimate error by splitting the cost function
minimization into two steps (a linear first step and a nonlinear second step) by defining a set of first-step states
that are nonlinear combinations of the desired states. A linear approximation is made in the time update of the
first-step states rather than in the measurement update as in conventional methods.

I. Introduction

HE two-step filter’:? is a new approach for nonlinearrecursive

estimation that substantially improves the estimate error rela-
tive to the extended Kalman filter (EKF) or the iterated extended
Kalman filter (IEKF). It accomplishes this by dividing the estima-
tion problem into steps, a linear first step and a nonlinear second
step. The result s a filter that comes much closer to minimizing the
desired cost and dramatically reduces the biases and mean-square
error of the EKF.

One potential pitfall of the two-step estimator has been the ap-
proximate time update."> Because of the subtraction in its im-
plementation, certain dynamic systems may produce nonpositive
covariance? This paper presents an alternativesolution to that prob-
lem by introducinga new version of the time update that is guaran-
teed positive definite. Before introducing these modifications, how-
ever, it is worthwhile to presenta quick review of the two-step filter
algorithm.

Recall that the dynamic estimation problem can be formulated
as the optimal solution that minimizes the following quadratic cost
function (least-squares estimation):
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subject to the (discrete) dynamic constraint on the desired n X 1
state vector

xee1 = Dy + Towy (2)
with the £ X 1 measurement vector z; given by
z = F(x, 1) v (3)

As usual, w represents a vector of Gaussian independent and
identically distributed (i.i.d.) process noise with covariance matrix
Q,, and v represents a vector of Gaussian i.i.d. measurement noise
with covariancematrix R. The subscriptk denotes the value at time
step 7. The vectorx; representsthe a priori state estimate with error
covariance M, .
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For linear measurement problems, that is, problems where the
measurementfunction F} islinearin the states (z; = Hyx; + V;), the
well-known recursive Kalman filter can be derived as the minimum
solution using, for example, the sweep method (in this case the
estimate is also the maximum likelihood and minimum variance
solution).* Unfortunately, there is no such general solution to the
stated nonlinear problem.

The typical alternative approach is to derive the recursive filter
directly, rather than as a derived solution, from the global minimum
of the cost function in Eq. (1). To do this, the fact that the linear
Kalman filter can be derived in a number of differentbut equivalent
ways is exploited to derive the nonlinear filter in a similar fashion.
One common approach for the linear problem is to minimize a
static quadratic cost function and then to manipulate the resulting
solutionto derivearecursive form. In other words, the linear Kalman
filter can be derived by instead minimizing the following linear cost
function for a batch solution of the static state:
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The resulting solution provides an optimal estimate of the states
x in terms of H and z;, represented by x. This batch solution can
then be manipulated to find a recursive equation for the estimate
X, that is, an equation for an update to the estimate, given an addi-
tional measurement, that does not require reformulating the batch
solution. The resulting formulais the same as the Kalman filter mea-
surement update. The time update is then added using the equations
for stochastic process propagation’ The time update is independent
of the measurementand thereby provides a new a priori estimate for
the recursive measurement update.

This observation (i.e., that the static problem with time update
is equivalent to the batch dynamic problem) is exploited in the
derivation of the two-step estimator.!> The nonlinear measurement
problem is recast as a static batch problem and solved for the best
recursive estimate of the states. This static nonlinear cost function
is given by
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The two-step filter formulationrewrites this cost functionas a linear
measurement in an m X 1 intermediate (first-step) state vectory:
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where y, = fi(x1).
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The resulting linear cost function can be solved exactly for y, and
also reformulated as a recursive update. The desired state estimate
X, is found in a second-step minimization with cost function

Je = 35 = fix)" P7HH — filxo)] M

where P, is the first-step state estimate error covariance. This opti-
mization is usually performed using a Gauss-Newton algorithm.-?
It is straightforward to show that this two-step approach exactly
minimizes the desired static cost function in Eq. (5).! Once formu-
lated as a recursive update, the linear time update on x; is used in
the same fashion as in the standard, linear Kalman filter.

In the previously published work,! = an approximate time update
was used to find the updated first-step state estimate y; + given the
exact update of the second-step states ¥y , ;. This approximation is
based on linearizing f(x) about the previous best estimate of Xy 4 |
and X, and finding the expected value and covariance. This is the
only approximationin the two-step filter algorithmand is performed
to firstorderin Refs. 1 and 2. Unfortunately, the resultingexpression
contains the difference of two matrix quantities. It can be shown®
that for certain dynamic systems and measurements this expression
for the first-step covariance will drop rank.

References 1 and 2 outline a third derivation of the EKF and two-
step filter and present further argumentsto validatethe improvement
provided by the two-step filter, particularly for static systems. The
remainderof this paperis devotedto reviewing the potential problem
in the previous first-orderimplementation(Sec. IT) and to presenting
a new form of the time update that eliminates it (Sec. III). The
example in Sec. IV verifies the filter’s performance.

For reference, the original two-step filter formulation' is summa-
rized by the following set of equations. Given measurements

o =F@x, ) +v, =Hy, +v; k=1,...,N
dynamics
X1 =D + Tpwy k=1,...,N—1
nonlinearity
Y = fi(xi)
and initial conditions
X, M,
where
Ev.]=0 E[vwv]=Rs

E[w] =0 E[WkaT] = 0O

For the first-step optimization, the measurement update is

Sk =¥ + Py H R (z — Hi§e) k=1,...,N
P, =(M;'+ HR'H)™
and the time update is
Fer1 =9 + fre1(Frs1) — fi(%e) k=1,...,N-1
o ofier| _of| , ol
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For the second-step optimization, the measurement update (Gauss—-
Newton iteration on i) is
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and the time update is

Tre1 = DRy k=1,...,N—-1

M
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One additional caveat should be mentioned. Because of the least-
squares minimization necessary to determine the second-stepstates
[Eq. (7)], the number of first-step states must equal or exceed the
number of second-stepstates (m =>n). Violation of this requirement
wouldresultin a nonuniqueminimum for the second-stepoptimiza-
tion. For situations where other means of satisfyingthis requirement
are not practical, the suggested approach is to simply augment the
choice of first-step states with the second-step state vector x (see
Refs. 1 and 2). This sensitivity of the filter to the relationship be-
tween y and x is a reflection of the problem of observability. Prob-
lems for which the number of desired states x exceeds the number
of possible choices for first-step states y are ones that have so few
measurements at each step that the dynamic model is heavily relied
on for creating observability. In nonlinear problems this can result
in very poor performance when using the EKF and IEKF (single
site radar ranging"? is an example of such a problem). Although the
two-step filter can be made to perform quite well on these types of
problems, with biases substantially lower than the EKF and IEKF,
the designer is always better off adding additional measurements,
when possible, to improve observability at each measurement up-
date.

II. Original Two-Step Time Update
and Ill Conditioning
The original first-step time update was derived using the
identities'2

Vi = fi(xXe, o) ®)

and

Yer1 =Y T feo1(es ) — filxw) 9

where x is the desired n X 1 state vector. The time update for the
first step states y is found by taking the expectation of Eq. (9). Un-
fortunately, the nonlinear measurement f(x) makes this impossible
in practice. The expectationis made tractable by expanding the last
two terms to first order in the second-step estimation error'->:

0
Sex) = fi(®) + a_f (xx — %1) (10)

Xk

and likewise for fi 4+ 1(xx+1) about ¥, .. By taking the expected
value of this expanded version and assuming the distribution of
estimationerroris unbiased, the first-steptime updateis as presented
in Sec. I:

Ver1 = I+ fio1(Ees ) — [iRD) (1D

The covariance is likewise found by subtracting Eq. (11) from
Eq. (9), expanding to first order, squaring, and taking the expected
value. After much algebra, the resultis again as presentedin Sec. I:

T T
0, 0, 0, 0,
M)’k+l ~ P)’k + Jiss X+ 1 Jiss - /i R\’k /i
0 i ox |. ox | ox |,
Xk +1 Xk +1 Xk Xk
(12)

These equations have the desirable property that they are up-
dates for the first-step states and covariance. That is, they are small
corrections on the previous estimates as in the traditional Kalman
filter. However, it is not difficult to see that the covariance update in
Eq. (12) has potential problems. A true covariance is always posi-
tive definite and symmetric. Because of the subtractionin Eq. (12),
though, the covariance of the first-step states can potentially drop
rank or go negative. This could be catastrophic for the filter.

Unfortunately, such behavior has been seen in simulations, par-
ticularly those involving the second-orderfilter.? Garrisonet al. have
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shown that this eventis predictableand dependson the system, mea-
surement, and trajectory® This can be seen by first formulating the
matrix C:

T

_

ox

0
C = Py P‘X_f
0x

(13)
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and then performing a numerical rank test on the following matrix,

rank([C,i i af],s) <n (14)

) e
0x; 0x, 0X,,

where the partial derivatives of f are computed along a reference
trajectory and ¢ is a specified tolerance. The points where this matrix
drops rank are those at which the first-step covariance will become
ill conditioned.

The importance of Egs. (13) and (14) is not in their ability to pre-
dict where the time update may fail, but rather in their ability to
explain the nature of such a failure?> Although it may be possible to
prevent failure of the algorithmusing these equationsby monitoring
Eq. (14), this has not been shown to work in all cases, and it greatly
complicates the filter. The only proposed solution to date® has been
a small augmentationto the time update in Eq. (12) to keep the small
eigenvalues positive,

T
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Here, ¢ is a small positive scalar chosen large enough to prevent
P, from becoming ill conditioned. Though this seems to work for
the test problems tried, it is ad hoc and has not been proven to be
a global solution. In the next section an altogether new time update
approachis presented that guaranteesa positive definite, symmetric
covariance.

III. New Time Update

Before presentingthe new algorithm, it is necessary to expand the
class of problems to which the two-step filter is applied. Previously,
the dynamics were limited to linear, discrete equations. This was
done merely to simplify presentation of the algorithm and maintain
focus on the changes to the measurement update. As the two-step
filter did not change the time update on the second step states x,
there was no reason to exclude nonlinear, continuous dynamics. It
is simply necessary to integrate numerically x and its covariance
using any standard approach.

For the new approach, however, it is necessary to return to the
more general continuous formulation. The problemis now stated as
a search for the best estimate of the state vectorx (in a least-squares
sense) at time f, given the nonlinear measurements

Z = F(xp, 1) + v, (16)
where x is subject to the dynamic constraint
X = A(x, t) + B(x, H)w(t) 17)

andw(t) isa white noisestochasticprocess with autospectraldensity
matrix Q. In other words, x(#) is the solution to the Ito stochastic
differential equation given by Eq. (17).

The measurementupdate is found in the same manner as before,
by forming a first-step state vector as a nonlinear combination of
the desired second-step states y = f(x) and using the equations in
Sec. I with the discrete measurements from Eq. (16)."

For the time update we must find an expression for propagating
y given the stochastic differential equation for x in Eq. (17). This is
done by using the standard expression for the Ito chainrule. That is,
the time derivative of a nonlinear function of x can be found using
the modified chain rule of the Ito calculusand Eq. 17)6-7 Doing this

on f(x) results in the following stochastic differential equation for
each component of y:

Vi = o, o Ax, 1) + ltr{a / B(x,1)QB" (x, t)}
2 | ox?

ot | ox

+ a—ﬁB(x, Hw(t) (18)
ox

where tr{ } refers to the trace of the enclosed matrix expression. This
equation is now used along with Eq. (17) to numerically propagate
xandy.

Recall that in the two-step filter formulation it is a requirement
that there be at least as many first-step states as second-step states.
For cases where such a factorization of F(x, t) is difficult to find, it
was proposed that the measurement simply be augmented with the
state to form a larger first-step state vector. Now, this augmentation
is required because the states x and y and their covariance must be
simultaneouslynumericallyintegrated. Thus, the first-step states are
always going to be given by an expression that looks like

ﬁ(x, t)]

X0) (19)

y=s ) =[

where F(x, 1) may be just F(x, t), as proposed earlier, or it may be
some other convenient combination.

What remains needed is an algorithm for performing this non-
linear propagation. Although this is an area of current research, a
conventional, Runge-Kutta based technique for the numerical inte-
gration has so far been adequate. In this approach, the nonlinearities
are expanded to first order in the estimate error and assumed cen-
tral. The expected valueis taken to find the deterministicdifferential
equations for the estimates,

4 fr
y=|dr (%, 1)
x
0fi 0f1 . 1 [a%fi . Toa
a_t ) + a fA(x, t) + Etr{ 3 ka(x, t)OB' (%, t)}
- ofe ofe . 1 [0%fe X T, o
? f+ a fA(x, t) + Etr{ ™ fB(x, tYOB" (%, t)}
| AR, 1) _
= A®%, 1) (20)

For the time update, this equation is propagated using the classical,
third- or fourth-order Runge-Kutta formula to find y; 4 ;.

The covariance is also found by linearizing the augmented dy-
namics A(x, ¢) and then squaring and taking the expected value to
find the following linear differential equation for the covariance:

~ -~ T
P, =aA(x’ 2 PyaA(x’ L + B, )QBT (%, 1) 2D
ox R ox R
where _ _
0/
EB(x, 1)
B(x, 1) = : (22)
0fe
aB(x, 1)
B(x, 1)

This equation for the covarianceis most easily propagatedusing the
discrete update version,

Pk +1) =D(ty 44, tk)Py(k)(DT(tk+ 1)+ Qu(k) (23)
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where the state transition matrix is the solution of the linear differ-
ential equation

aA(x 1)

—(I)(t fy) = (D(t fo) (24)

and the discrete process noise covariance matrix is the solution of
the integral

0,(k) = ch{j ‘ O Y()B#, 1) QBT (®, 1)D T(7)dr }chT
(25)

Equations (24) and (25) are most easily solved using the algorithm
due to Van Loan® (see also Ref. 9). Equation (23) is the new time up-
date for P,. It is guaranteed to be positive definite and symmetric,
thus eliminating the robustness problems of the original two-step
filter.

This new version of the two-step estimator may now be summed
up as follows.

Given measurments

z = F(xp, i) +vie = Hyyp + v k=1,...,N
dynamics

X =A(x,t) + B(x, Hyw(t)

nonlinearity
=g =[ 0]
and initial conditions
®, M,
where
E[vw]=0 E[vw(] =R
Ewn]=0  Elwtw+10)']=0871)

For the first-step optimization, the measurment update is
$r =3 + P, HI R (2 — HiJ)) k=1,...,N
- _ -1
P, =(M'+H'R'H,)

and the time update is

_iﬁ(- t)_
y=| d o
T N 7 RN
? x+ E iA(x, t) + Etr{ ox2 ka(x’ t)QB (x’ t)}
= 22
a_J;fx aa]:f AR, t)+%tr{ Je B(ﬁ,t)QBT(ff’t)}
B A®, 1) _
= A(ﬁ', )
. A, dAx,n|" . 5
B = 20 p ZERDN s B 0B (21

where
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For the second-step optimization, the measurement update (Gauss-
Newton iteration on i) is

Reivr =% — HG gl k=1,...,N
T
_a| ok
Gr,i ox o Yk ox .
_ rprdf R
qii = =3 = fi® D' P M ox i — g,
Xki

IV. Example

The simple two-state example of Ref. 3 is used to demonstrate
the effectiveness of the new technique. This example was chosen
because it readily demonstrates the problem of ill conditioning in
the original two-step estimator, yet is straightforward and simple
to implement. It was designed to be representative (in two dimen-
sions) of a more complex problem of relative navigationin elliptical
orbits.!® This orbital mechanics problem was also seen to exhibit
the ill conditioning problem with a catastrophic failure of the filter.

The example is a purely kinematic motion of a particle on a spiral
trajectory defined by a constant angular velocity @, and a constant
radial velocity v, (see Fig. 1). The desired (second-step) state vector
consists of the two-dimensional position of the particle(x,, x,). The
motion of the particle in a Cartesian coordinate system is described
by two first-order, nonlinear differential equations,

d)Cl X1Vo
—_— = X t W
dr \/)c2 + x2
1 2
dx, X2V
=t Xy + W, (26)

t 2 2
d \/x1+x2

Here, w, and w, are process noise terms with diagonal covariance
matrix Q.

The objectiveof the filteris to find estimates of the states x; and x,
given only range measurements from a fixed point located at (1, 0).
The measurement equation is thus given by

N T @

The new two-step filter is formed using the augmented first-step

state vector
\/ (x; — 1)2 + x2
y = X (28)

X2

with measurement matrix H =[1 0 0].

X2 T
Yo \
Fig. 1 Kinematic particle on a
spiral trajectory. ‘/ (e — 1) x5
« V]
‘\ y 1M
"
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Table1 Parameter values for the example problem

Parameters Values
Time step, At 0.0002
Filter initial state, £ (2.0,0.0)
True initial state, x(0) (2.583,0.313)
Measurement covariance, R 10~

Filter initial second-step state
covariance, Py,

Filter initial first-step state
covariance, Py,

diag{0.25,0.25}

0.226 0.209 0.000
0.209 0.247 0.000
0.000 0.000 0.248
Second-step continuous process diag{10~12, 10712}
noise, Q

Table 1 lists the values used in the simulation.? The particle starts
out at the position (2.583,0.313) and propagatesfor 6 s with wy, =1
and v, =1. Althougha processnoise term is used in the filter model,
no process noise is added to the simulation of the truth model. Note
that the very small time step is used to display better the sudden
drop in eigenvalue of P, in the original first step filter. Plots of the
reference trajectory and of the simulated noisy measurements are
shown in Fig. 2.

The original two-step estimator was used to obtain estimates of
x; and x, as in Ref. 3. The result is shown in Fig. 3. As expected,
Fig. 3 shows that the first-step covariance drops rank twice during
the trajectory. The first such occurrence proves catastrophic for the
estimator.

Figure 4 shows the results of using the new time update in the
two-step filter on this example problem. For the example, the new
dynamic equations of motion for the first-step states were found
using the formula in Eq. (20),

2 2
\/x + x XV Xo O
1 2\10— 1Yo 4 2% +i
. r r\/x12+x§ r 2r
7
. 5 X1Vo
y=|x |= —_— — Xhay
. \/xlz+x§
X2
X2Vo
E————1 a0
2 2
\/xl + x5
xx—1 x
+ g " . (29)
1 0 Wy
0 1

where r = /[(x; — 1)? + x3] and ¢ is the magnitude of each di-
agonal element of Q. The new two-step filter was implemented as
described here using a fourth-order Runge-Kutta update on the dy-
namics from Eq. (29) and the linearized covariance update given in
Eqgs. (21-25).

After only a brief comparison of Figs. 3 and 4, the dramatic im-
provement afforded by the new time update is apparent. The first-
step covariance is always positive and full rank and well-behaved.
The estimate error rapidly becomes small and behaves as predicted
by the covariance bounds. As a further validation of the new two-
step estimator, a series of simulations were performed comparing
performance with the EKF using identical random seeds. The re-
sults of one such run are shown in Fig. 5. Again, the improvement
provided by the two-step estimator is significant. Note that the aver-
age result of a Monte Carlo simulation is not shown. Rather, Fig. 5
actually displays the best EKF result. Figure 6 shows a compari-
son of the bias in the new two-step estimator and the EKF after
100 averages. It was found that in 100 runs a small percentage of
the EKF cases resulted in a wildly divergenterror that substantially
skewed the EKF averages. To date, there has been no evidence of
poor performance in the two-step estimator.

Also note from Fig. 5 that the predicted covariance of the EKF
is actually smaller than the two-step filter. However, because of the
large biases in the EKF, the two-step covariance is a much better
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Fig.2 Example problem trajectory and measurements.
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Fig. 3 Original two-step estimator results.
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Minimum Eigenvaiue of My, First Step Covariance

3
Time (seconds)

Estimate Error of x1
0.05 T T T T T

< _ Predicted Covariance

3
Time (seconds)

Fig.4 New two-step estimator results.

New Two-Step Estimator, Errorin x1

3
Time (seconds)
Extended Kalman Fiiter, Error in x1
0.15 ! ! ; ; !

Time (seconds)

Fig.5 Comparison of new two-step filter with EKF.

Comparison of Bias in Two-Step and EKF Estimates of x1
0.6 T T T T T

EKF ;.

Two-Step

3
Time (seconds)
Bias in Two-Step Estimate of x1

0.04 . r T ! T

-0.01 ' ' '
0 3
Time (seconds)

Fig. 6 Comparison of bias in EKF and two-step estimator (100 aver-
ages).

predictor of actual performance. It is this underestimation of the
error in the EKF that is one of the prime culprits of its large biases.

V. Practical Considerations

Finally, some comments are in order regarding implementation
of the two-step filter. After a first review, the filter appears substan-
tially more complicated than the EKF. In fact, very little extra work
is required to formulate this new version of the two-step estimator.
The various Jacobians of the measurement and dynamics need to
be found in either case. Given the dramatic improvement in per-
formance and robustness, the small amount of additional analysis
required to formulate the filter is well worth the effort.

It is true that the two-step filter will take longer to execute than
the EKF. There are two reasons for this, the added Gauss-Newton
search to find the optimal second-step states and the increased di-
mension of the first-step states. No specific performance studies
have been done to date as that would require a real-time imple-
mentation optimized for speed in each case. The straightforward
(though admittedly suboptimal) MATLAB® studies done for this
paper showed a 2-2.5 times speed increase for the two-step estima-
tor. These are very conservative estimates as they include various
housekeeping and data storage steps not present in a real-time im-
plementation.

In the unlikely event that the two-step implementation proves to
betooslow fora givenapplication,there are steps thatcanbe takento
speed performanceat the expense of slightdegradationsin accuracy.
In particular, the Gauss-Newton step can be eliminated as both the
measurement and time update are formulated in terms of the first-
step states. Inaccuraciesarise because the linearizationsare now no
longer found with the optimal values of the states. Simulations have
shown very little degradationwith still significantimprovementover
the EKF.

Finally, the same numerical and word length concerns that arise
in the standard Kalman filter and the EKF arise here. Because the
format of this filter is the same as the Kalman filter, the same tech-
niques used there (e.g., the square-rootimplementation) can be ap-
plied here. Reference 2 has a thorough discussionof the square-root
implementation for the original two-step filter. Reference 2 also dis-
cusses various techniques for initializing the covariance of the first-
step states that applies equally well to this new version of the filter.

VI. Conclusions

The two-step estimator is a new technique for performing re-
cursive estimation on problems with nonlinear measurements. It
substantially improves filter performance (as measured by bias and
mean-square error) over the traditional estimation techniques (the
EKF and IEKF). The improvement, in essence, came from moving
the approximations out of the filter measurement update and into
the time update by splitting the problem into two steps (a linear
estimation and a nonlinear fit).

This paper presented a new approach to performing the first-step
time update in the filter. This new approach eliminates the potential
problems associated with ill-conditioned first-step covariance ma-
trices that sometimes appeared in the original formulation. By using
the Ito stochastic chain rule, it became possible to derive a differ-
ential description for the time variation of the first-step states. This
equation is used directly, with traditional techniques, to perform
the first-step time update. This new time update has the enormous
advantage of being guaranteed positive at all times.

Simulationresults verify the effectivenessof the new time update.
It outperforms both the EKF and the original two-step estimator.
With this new tool, the two-step estimator should prove to be an
extremely useful technique for performing estimation of systems
with nonlinear measurements.
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